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Abstract. Tannaka duals of Hopf algebras inside semisimple tensor categories 
are used to construct orbifold tensor categories, which are shown to include 
the Tannaka dual of the dual Hopf algebras. The second orbifolds are then 
canonically isomorphic to the initial tensor categories. 



Introduction 

The importance of recent studies of Hopf algebras is based on its use as quantum 
symmetry, which appears more or less in connection with tensor categories. In this 
respect, finite group symmetry in tensor category is particularly interesting and 
provides the right place to take out quotients, known as the orbifold construction. 

When the relevant group is abelian, the dual group appears inside the orbifold 
tensor category in a simple way and we can apply the orbifold construction again 
to obtain the second orbifold tensor category, which turns out to recover the initial 
tensor category, a duality for orbifolds, in |]3^ . 

In this paper, we shall extend this kind of duality to the symmetry governed by 
Hopf algebras. 

Given a finite-dimensional semisimple Hopf algebra A with its Tannaka dual A 
realized inside a semisimple tensor category T, we introduce the notion of A-A 
modules in T, which is formulated in terms of the existence of trivializing isomor- 
phisms. In the group (algebra) case, this reflects the absorbing property of regular 
representations . 

The totality of our A-A modules then turns out to constitute a tensor category 
Tx! A with the unit object given by an analogue of the regular representation of A. 
The notation indicates the fact that it is a categorical analogue of crossed products 
in operator algebras. By the well-known crossed products vs. fixed point algebras 
reciprocity, we may interpret Txj A as presenting the orbifold of Tby the dual Hopf 
algebra A* . 

The orbifold tensor category Txi A in turn admits a canonical realization of the 
Tannaka dual B of the dual Hopf algebra A* , which allows us to take the second 
orbifold (Tx A) » B and one of our main results shows the duality (Txi A) ><i B ^ T. 

In our previous paper p2[ , we proved this for finite abelian groups by counting 
the number of simple objects in the second dual (Txi A) x B. Here we shall give 



1991 Mathematics Subject Classification. 18D10, 46L37. 

Key words and phrases. Tannaka dual, tensor category, imprimitivity bimodule, orbifold. 

1 



2 



YAMAGAMI SHIGERU 



a more conceptual proof of duality. The idea has long been known in harmonic 
analysis of induced representations as imprimitivity bimodules (0, pll). 

By forgetting the bimodule action of A on the unit object to one-sided (say, 
right) ^-action, we can make it into a right S-module M with the property of 
imprimitivity, M M* = I and qM* ® = qIq. 

If we put M into an off-diagonal corner of a suitable bicategory so that it connects 
Tand (Tx A) x B, then the duality is obtained quite easily, though it still contains 
rich information on orbifold constructions. 

We remark here that another interesting categorical formulation of imprimitivity 
bimodules is worked out by D. Tambara |25|, where a different notion of categorical 
module is used to get an imprimitivity bimodule which relates A and B. 

For future applications, we also investigate how the rigidity is inherited under the 
process of taking orbifolds: if the original tensor category Tis rigid and semisimple, 
then so is for the orbifold tensor category Tx A. 

Basic Assumptions 

We shall work with the complex number field C as a ground field, though any 
algebraically closed field of characteristic zero can be used equally well. 

By a tensor category, we shall mean a linear category with a compatible monoidal 
structure, which is assumed to be strict without losing generality by the coherence 
theorem. 

A tensor category is said to be semisimple if End(X) ~ iiom{X,X) is a finite- 
dimensional semisimple algebra for any object X, which is assumed to be closed 
under taking subobjects and direct sums: To an idempotent e of End(X), an object 
eX (the associated subobject) is assigned so that Hom(eX, fY) ~ /Hom(X, Y)e 
and a finite family {^j}i<i<m of objects gives rise to an object Xi ® ■ ■ ■ (B Xm so 
that 

Hom(Xi ® • • • © Fi © • • • © y„) = Hom(X„ Y^). 

The unit object / in a semisimple tensor category is assumed to be simple, i.e., 
End(/) = CI/, without fm'ther qualifications. 

1. Bimodules in Tensor Categories 

Let Tbe a semisimple tensor category (closed under taking subobjects and direct 
sums). By imbedding Tinto T(g) V =V<S) Twith V denoting the tensor category of 
finitc-dimensional vector spaces, we can perform the tensor product X(E)V = V^X 
of an object X in Tand an object F in V so that 

Hom(X ^V,Y®W)^ Hom(X, Y) ® Hom(F, W). 

Note here that the imbedding T^ T® V gives an equivalence of tensor categories 
by the semisimplicity assumption on T We also remark that, given a representative 
set S of simple objects in T, we have 

X = s ® Hom(s, X) 



in T(g) V. 
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Let ^ be a finite-dimensional semisimple Hopf algebra with the associated tensor 
category A of finitc-dimcnsional A-modulcs and consider a monoidal imbedding 
F : A^ T{F being a fully faithful monoidal functor) . 

By a left ^-module in T(relative to the imbedding F), we shall mean an object 
X in Ttogcther with a natural family of isomorphisms {(pv ■ F{V) (E) X ^ X ® V} 
(we forget the A-module structure of V, W and regard them just vector spaces 
when taking the tensor product with X) satisfying the associativity 

FiV)'»FiW)^X ^^^^ F{V)^X^W 



F{V(S)W)(S)X ^ X(S)V(S)W 

f>V%W 

and the condition that 

(^C : ^(C) ® X = 1 ® X X = X ®<C 

is reduced to the left unit constraint Ix in 

Let B be another finite-dimensional semisimple Hopf algebra with B the tensor 
category of i?-modulcs and G : B ^ The a monoidal imbedding. A right B- 
module in T(through G) is, by definition, an object Y in Ttogether with a natural 
family of isomorphisms {V'w : ^ ® (j(W^) -^W such that = ^"^^ 

Y ®G(y)®G{W) -^^^^ V®Y®G{W) 



Y ® Giy ® W) > V ®W ®Y 

An A-B bimodule in T (relative to the imbeddings F^ G) is an object X in T 
together with structures of a left ^-module and a right ;B-module, 

ipv ■■ F{V)(EX (S)X, tPw ■■ X (E) GiW) ^ W (gi X 

such that the following diagram commutes. 

F{V) (8> X G{W) > F{V) ^W^X = W F{V) O X 



X ® V ® G{W) = X G{W) (g) V > W(S)X<»V 

We shall often write j^Xjg to indicate an A-B bimodule based on an object X 
in Twhen no confusion arises for the choice of families {(/Sy}, {V-'w}- We also use 
the notation £,v,w '■ 'S' X ® G{W) W (Si X ®V to express the isomorphism 

in the above diagram, which is referred to as a trivializing isomorphism in the 
following. 

Example 1.1. If ^ is the function algebra of a finite group H, then H is realized as 
a subset of the spectrum Spec(7) of Tthrough the imbedding F and the functor F 
itself is identified with a lift of H c Spec(7}. Similarly, if B is the function algebra 
of another finite group K, then the monoidal imbedding G : B —> Tis identified 
with a lift of C Spec(7). 

With this observation in mind, A-B bimodules are naturally recognized as H-K 
bimodules in T. 
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Example 1.2. Let A be the group algebra of a finite group G with A the Tannaka 

dual of G. For notational economy, wc write qV to express a (left) G-modulc with 
the underlying vector space V. Thus, for example, ® gW denotes the tensor 
product G-module of qV and qW whereas gV'SiW means the G-module amplified 
by the vector space W, with the same underlying vector space V ® W. 

Let gC[G] be the left regular representation of G. Given an element a G G and 
a G-module qV, define isomorphisms 

Vv-gV^ gC[G] ^ gC[G] O y, i^^: G<C[G] ^gV^V^ gC[G] 

by 

(Pvi''^ ® g) = g ® ag~^v, ipvid ^'v) — ag^^v (g) g. 

Then, for any given pair (a, 6) of elements in G, the family {(fiy} and {tpy} 
makes gC[G] into an A- A bimodule in A (relative to the trivial imbedding), which 
is denoted by ^{R'^'^^/^- When the left (rcsp. right) action is forgotten in ^R"'^^, 
the resulting left (resp. right) ^-module is denoted by j^R'^ (resp. R''j[)- 



Definition 1.3. Given Tannaka duals A, B (of finite-dimensional semisimple Hopf 
algebras) in a semisimple tensor category Tand A-B bimodules j\Xq in % 

we call a morphism f : X Y in Tan A-B intertwiner if 



F{V)(^X®G{W) i®£®i> F{V)®Y^G{W) 



The category ^^Tg of A-B bimodules in Tis then defined by taking A-B inter- 
twiners as morphisms in ^T^- 

Example 1.4. Let G be a finite group and A be its Tannaka dual. For h E G, 
denote by p{h) the right regular representation of h: p{h) : g ^ gh~^ for 5 e G C 
C[G]. 

(i) For a, b G G, we have 

Rom{^R'',^R'') = Cp{b-^a) = Hom(i?"^, i?^_^). 

(ii) For a', b' e G, we have 

Hom(^i.«'.^'^,^i?«.^^)= |^^(«-^«') if«-^«' = ^-^^'' 
\A A' A Ai |o otherwise. 

Recall that the underlying vector space of i?"''' is C[G]. 



2. Tensor Products 

We shall make the totality of j(T^ for various Tannaka duals A, B into a bicate- 

gory. To this end, wc first introduce the notion of ^-tensor products. Let Xj^ be a 
right .4-module and jY be a left .4,-module in T. Given a simple >l-module V and 
a basis {vi} of V, let {v*} be its dual basis. Then the linear operator Vi^j = Vi<SiVj 
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in V is identified with an element of A. These for various V form matrix units in 
the algebra A. We define Vij G A* by 

' SiiSjk dimV ifV^W, 
otherwise. 



(VijjWkl) 



Clearly {vij}v.i.j forms a linear basis of A*. 

We now introduce an element Tr{vij) G End(X ® Y) by the composition 

X(^Y — — > X F{V*)0 F{V)(^Y > V* ® X 0Y 0V > X (g,Y^ 

where the last morphism in the diagram is given by the pairing with Viji if the 
composite of the first two morphisms is expressed as 

v* (g) tij (g) Vj 

with tij e End(X ® Y), then we set 7r(uy ) = dim{V)tij or, equivalently, the com- 
posite X O F X (g) F{V*) (g) F{V) O F ^ (g X (g y (g) F has the expression 

^y^{dim.V)^^v* (g) Trivij) (g Vj, 
hi 

which is an element in 

Hom(X (x)Y,V* (E)X (^Y ^V) = V* (E) End(X (g y) (g K 

It is immediate to check that the map tt is consistently extended to the linear 
map of A* into End(X (g Y), which is again denoted by tt. 

Lemma 2.1. Let V, W be simple A-modules and {vi}, {w^} he their bases. Then 
we have 

-n{vij)-K{wki) = n{vij{vki). 

Here the multiplication in the right hand side is the one obtained by dualizing the 

coproduct of A. 

Proof. Let jj ^ , y (g > JJ give an irreducible decomposition of y (g 

W. Then, for the rigidity copairing Syigiw '■ C — > W* (g) y* (g) y ly, we have 

T:U^V0W 

where T is the transposed map oi T* : V (E) W ^ U . By the associativity and the 
naturality of ^-actions, we see that the composite morphism 

X (g y ^ X (g F{w*) (g F(y*) (g F(y) (g f{w) (gy^iy*®y*(gX(gy(gy(giy 

is equal to 

J2{x(g,Y > U* ®X®Y ®U I^il^L, W* ®V* ® X ®Y ®V ®w) ^ 

T 

where X(S)Y^U*(E)X(E)Y(E)U is given by the composition 

X (g y ^ X (g F{U*) (g F{U) (g)Y^U*(E)X(S>Y(S>U. 
If we replace this with 

^(dim Uy^ul (g TT{Uab) <g Ub 
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and then compute n{vij)Tr{ijSki), we obtain the formula 

T a,b 

T^b '^(f^) 

On the other hand, the definition of muhiplication in A* gives 

{vijWki,x) = {vij A(a;)) = ^d{V)d{W){v* ®Wi,TxT*{vi®Wk)) 

T 

for X € A. By using the obvious identity 

T*{Vi^Wk) =^{K,T*{Vi^Wk))Ua, 
a 

the above expression takes the form 

diV)diW) J2 J2("^ ® w!,TxUa){K, T*{V, d) Wk)) 
T a 

or equivalently we have another formula 

VijWkl =2^2^ -7777^ {Vj O Wi , TUb){u^, T {Vi (g) Wk))Uab, 

T a,b ^ ' 

proving the assertion. □ 

Since the trivial representation of A is given by the counit e, we see that 7r(e) is 
equal to the identity morphism as the composition 

This, together with the previous lemma, shows that tt : A* ^ End(X ® Y) is an 
algebra- homomorphism. Since A* is semisimple by Larson and Radford [LR2], the 
component of the trivial representation of A* gives rise to an idempotent in 
End(X ® Y). The associated subobjcct oi X (E)Y is then denoted by X Y and 
is referred to as the .A-module tensor product of X and Y. 
Remark . 

(i) The idempotent is realized as 7r(e), where the idempotent e in A* is given 
by the normalized invariant integral e € ^* of A: 

J V dim(F) , . 

(^'-) = Edii^^M^-). 

(ii) Since the counit for A* is given by the evaluation map at the unit 1a of A, 
the idempotent is non-zero if and only if there exists a simple object Z of 
Tsuch that 

{/eHom(Z,Xor);7r(a*)o/ = a*(U)/ for a* A*} ^ {Q}. 

Let B and C be Tannaka duals in the tensor category Tand consider j[X]g, 
qYq. The tensor product X (i)Y is then an A-C module in an obvious manner and 
the associativity of biactions for X, Y gives the following. 

Lemma 2.2. We have 

7r(B*) C End(_4X(8)yc). 
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In particular, the biaction of A and C on X (g) F is reduced to the subobject 
X ®Q Y , which is denoted by j^^X ®q Yq and is referred to as the relative tensor 
product of bimodules. For morphisms / : ji^X^ — > j^X' ^ and g : qYq B^'C' 
f ® g & Honi(_^X (g) Yq, j^X' (g) Y'q) obviously commutes with 7r(S*) and hence 
induces the morphism 

which is the relative tensor product of morphisms. 

The operation of taking relative tensor products is clearly associative. Thus the 
categories of bimodules in Tconstitute a bicategory if we can show the existence of 
unit objects. 



3. Unit Objects 

Let : ^ — > Tbe a fully faithful imbedding of the Tannaka dual A oi a, Hopf 
algebra A. Given A-modules U, V and W, we use the notation 



U 

vw 



Hom(t/,y (g) VF). 



Choose a representative set {V} of irreducible A- modules and set 



which is an object in T(more precisely in Tig) V). Given an A-module U, define an 
isomorphism F{U) (g) A ^ A by the composition 



F{U) (g) A = F{U) (g) F{V) (g) V* 

V 

= F{U ig) y) ig) V* (by the multiplicativity of monoidal functor) 

V* (by the irreducible decomposition of [/ (g F) 



v,x 

v,x 



X 

uv 



V* 

x*u 



I V* (by Probenius transform) 



= F(X) (g) X* (g {/ (by the irreducible decomposition of X* ig) [/) 

X 

= A(g)C/. 
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Similarly, we define an isomorphism A (g) F{U) — > ?7 (g) A by 
A F(f/) = F{V) (8> F(?7) (g) 



v,x 



X 

vu 

V* 

ux* 



^u®x* 



V* 



V* 



X 

= A. 

Here in the last line, we applied the commutativity F{X) ®U ~U ® F{X). 

Lemma 3.1. The isomorphisms defined so far make A into an A- A bimodule. 

Proof. We just check the compatibility of left and right isomorphisms: Given A- 
modules U and W, we shall prove the commutativity of the diagram 

F{U) (8> A (8> F{W) > F{U) ®W®k = W F{U) A 



A F{W) U 



K®U®F{W) 



W0 A0 C/ 



By the associativity of the monoidal functor F 

F{U) F{V) F{W) > F{U) 



> F{V W) 



F{U F{W) 



F{U^V^W) 



the problem is reduced to the equality of compositions 
X 

uvw 



v,x 



nx) 

V,X,Y 



x,v 



X 
UVW 



^* ^ ^(^) ® 



V.X.Y 



X 




Y 


UY 





VW 


X 




' Y ' 


YW 





UV 



V* 



0TO 

v,x 



V*^^F{X)^ 



v.x 



By an easy manipulation of transposed morphisms (no spherical normalization is 
needed here for rigidity), we see that these are the ones associated to the following 
composite Probenius transforms 



X 




w* 




V* 


uvw 




x*uv 




wx*u 


X 




u* 




V* 


uvw 




VW X* 




wx*u 



Now the coincidence of these is further reduced to the equality of left and right 
transposed morphisms, which is a consequence of the involutiveness of antipodes 
for finite-dimensional semisimple Hopf algebras ([LRl]). 

Given a vector 

/Off G 



" X ' 




Y ' 


UY 





VW 



V* 
WX*U 

V* 

wx*u 



I V* 



1 V* 
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in the middle vector space, we need to identify the map 



X 
uvw 



V* 

wx*u 



where 



x*u 



9 e 



V* 
WY* 



are Frobenius transforms of / and g respectively. Now Fig. |l] shows that the mor- 
phism (1 (g) f)g is obatined by applying Frobenius transforms to (1 (E) g)f repeat- 
edly. □ 




W X* U Y Y* 



W W* V* 




W X*U Y Y* 




Figure 1. 



Remark . We have the following gauge ambiguity for the choice of trivializing iso- 
morphisms: Given an invertible element 9 G End(A), we can perturb the trivializa- 
tion isomorphisms by the commutativity of the diagram 



nu)' 



'F{W) -^E:^ W®K®U 



•F{W) 



Note that, A being isomorphic to 0y F{y) ® V* as an object in T, we have the 
identification Aut(A) = Hv GHV*). 

When Tis a C*-tensor category and A is a C*-Hopf algebra, with the choice of 
9 defined by the family {y^djy)lv*}v, the isomorphism afj^^^ becomes a unitary. 
In fact, the unperturbed isomorphism are locally given by 



X 

vu 
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with their norms (the inner products being associated to operator norms) by 
\\T^v*r = ^^{T*T){v*\v*), \\fv*r = ^(r*T)KK). 



4. Unit Constraints 

Given a left ^-module X in 7J we now introduce a morphism A : 
the composition 

V V 

where the last morphism is the one associated to the pairing map 

(giV* 3 v(Eiv* ^ {v,v*) G C. 

V 

Lemma 4.1. We have 



)X ^Xhy 



A o 7r(a*) = a*(l)A ■.A(g)X^X 



for a* e A*. 

Moreover, A is A-linear: 



nu)' 



I 

•U(S>X 



A^X (^U 



A®1 



X^U 



x®u 



Proof. Let a* = Wki be an element associated to a simple ^4- module W. Then the 
composition A o n{wki) is given by 

F{V) (g) V'* (g) X ^ F{V (g) W*) (g) F{W) (E)X(E)V* 



u,v 



U 

vw* 



i y* o X (g) 



F(C/) (g) W* (g) i/* ® W ® X 
u 

^ F(C/) (g [/* (g X 



u 
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u 
vw* 

V* 

w* u* 



which is, by the naturaUty of F{-) (g) X — > X (g) (•), equal to the composition 

Fiy) ®v* ®x (g>v (g)V* 

V V 

V 

^0X(8>i7(g)VF(g)y* 

u,v 

u,v 

^^X^U(^W^W*^U* 

u 

u 

Ax. 

We now compute how the operation works on vector spaces: 

V iS)V* 1-^ ^ V (g) (8> Wm <8l V* 

rn 

^ 'Y^{{Tui)* ,v®w*^)Tui®Wm®v* 

m,T,i 

^ d{W) J2{iTui)*,v O wt){ui Wk,fv*) 

T,i 

= diW)Y, « ,T*iv^ w:))(u^ ®Wk,Tv*) 
= d{W) Yj{T*{v ® w*i) (8> Wk,fv*). 

T 

Here the famihes {T : U ^ V ® W*}t, {T* -.V ®W* ^ U}t are chosen so that 
S*T = 6s,T'i-u and set T ~ *T*. Note that, if we denote by {u*} the dual basis of 
{ui}i, then the family {Tu|} is the dual basis of the basis {Tui}T,i ofV^ W*. 
By the relation 

(T* ® 1) = ^(ly «) ew'){TT* 8) Iw) = ly ® ew, 

T T 

the above operation on vector spaces ends up with 

d{W){v,v*)ew'{wt 'S)Wk) = d{W)5ki{v,v*) = Wki{l){v,v*). 
Since the morphism A is associated to the pairing 

v<Siv* {v,v*), 
the above formula gives the result. 
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To see the ^-linearity, we again use the functoriahty of trivializing morphisms 
and the problem is reduced to check the commutativity 



w 
uv 



V* 



u 



i.e., (1 ® ey)(r ^ ly) = {^w ® ® 2^), which is an immediate consequence of 

hook identities. □ 



By the covariance just checked, the morphism A : A(8)X — *■ X can be interpreted 
as defining X j^X, which is denoted by Ix- 

Conversely, consider the morphism /x : X ^ A (g) X defined by 



where the first morphism is associated to the copairing 



and the weight {/iy} will be specified soon after. 
Now the composition n{wki) o is given by 

X^0X(g)y0y* 

V 

^ X (g) y (g) w^* (g) (g) 

V 

U 

vw* 



0X(g)i7 
u,v 

0X0[/ 



u,v 



V* 

w* u* 



w®v* 



0X0C/(gVF(gW*0C/* 

u 

'\ ^X®U®U* 
u 

^F{U)(^X®U*, 



which we expect to be equal to d{W)5km.- 
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To see this, we work with operations on vector spaces: 



vj ViJ 



V,i V,i,j 

= J2Y1 ^^v{iTUa)*,Vi (g) Wj)TUa O Wj V- 

V.iJ U,T,a 

= d{W)^^^ IJLv{{TUa)*,Vi ® W*i){Ub ® Wk,fv*)Ua ® ul 
V,i U,T a,b 

= d{W) ^yT* (*T(M6(g)«;fe)0w;) 

Uy,T,b 

If we set S* *f : t/ ® ^ and \ci S* : V ^ U (^W be the Frobenius transform 
oiT* -.V ® W* U, then the last expression takes the form 



U,V,S,b 



Applying the formula 



J2d{V)S*S = d{U)lu^w 



v,s 



for the choice nv = d{V), the above summation is further reduced to 

d{W) ^(1 (g) ew){ub ® Wfe ® Wi) <S>ul = d{W)5ki ^ d{U)ub (g ul- 

U,b U,b 

Thus, with the choice fiy = d{V), we have 

7r(a*) o = a*(l)/i 

for a* G A*. 

Lemma 4.2. We now claim that 

Ao/z = i^diVf \lx, M° A = (dimA)e^ = ^^7r(^;ii). 

\ V J V i 

Proof. The first relation is obvious from definitions. 

On the tensor product A (g X, the morphism 'k{wii) is given by 

w®v* 



u 
vw* 

V* 

w* u* 



u,v 

0t^<g Tx/*rr* 0VF(g)y* 
u,v 



^0 [/»[/*. 
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According to this sequence of morphisms, we compute {dimA)e^ as follows: 

W,k 

^ '^{{TUa)*,V wl)TUa ^ Wk ® V* 
^ ^{{TUa)*, V (g> wl)Ua ^ Wk ^ Tv* 
= ^d{W){ {TUa )*,V(g)W^){Ub<»Wl, fv*)Ua O Ufc 

= d{W){ub ® wufv*)T*(v ®wl)® ul 
= Yd{W){wi®v\ Tui,)T* {v (g) u;;*) «) ul 
= d{W)T*{v (g) wi) ® *T{wi ® V*) 
= d{W){T* (g) *r)(l <S)6w<E> l)iv (g) V*). 

Now, letting S : V* (E)U ^ W* a,nd S* : W* ^ V* he Probenius transforms 

of T and T* respectively, we have 

Y d{W){T* ® *r)(ly ® (5w ® ly) = 13 <W^)(ey ® ^uu'){^v ® -S*.? ® ® ^c/*) 

because of 

Yd{W)S*S = d{U)lv^^u- 
w,s 

Thus we have 

^ d(H^)r*(w (8> w;*) *r(u;( (g t;*) = ^ d{U)ev{v t;*)e[/. , 
which gives rise to the morphism fio X. □ 

By symmetry, we may expect for the right unit constraint as well. Explicit 
computations are as follows: Define a morphism p : X0A — > X by the composition 

X ® (g) y* ^ F X (g) y* = 0x (g) y (g) y* ^ X, 

V V V 

where the last evaluation is specified hy v ^ v* {v,v*). The inner morphism 
T^{wki) is then given by 

X (g) F{V) (g y* ^ X (g F{W*) ® F{W) (g F{V) (g V* 



U 

wv 



0X(g)VF*(gF(C/) 

uy 

^X®W* ®F{U)®U* ®W 



V* 



u,v 

* X (g) F{U) (g U* 
X(g A 
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By trivializing the functor F, the composition of 7r{wki) with the morphism X<^A ■ 
X is associated to the composition 

^V* ^ X ^ ^W* (^W (^V (^V* ^ X 



u 

wv 



V*(E)X 



u,v 

u,v 

^U®U*®X 
X. 

Now an explicit formula is obtained by working with vector spaces: 

V ®V* ^ ^ W* ® Wj ® V ® V* 

t-^ ^{{TUa)*,Wj (g) V)W* (g) TUa ® V* 
^ ^{{TUa)*,Wj ® V)W* (g) Ua ® fv* 

^ d{W) ^{{Tua)*,Wk 18) v){{ul (g) wiy,fv*)ua (g) ul 
= d{W) ^{wl (g) Ub, Tv*)T*{wk (Eiv)^ ul- 
Here we shall use the identity 

{wf ig Ub, Tv*) = {wl ig ev, Tub (g v*) 

= J2{'"*3'^wl,TUb){Vj,V*) 

= {v*(^w*,Tub) 

to obtain the expression 

= d{W) ^{v* (g wf,Tub)T*{wk ^v)(g>u*b 
= d{W) ^CT{v* ® wj), Ub)T*{wk ^v)^ul 
= d{W) J2 T* {wk <8) v) ^T{v* (g wt) 

d{W) ^ ec/(T* (g *T){wk (E>v^v*(g, wf) 
= d{W)ewv{TT* (g l){wk (g t; (g (g wj) 

= d{W)€wv{Wk (g <g U* (g W;*) 

= d{W)Ski{v,v*). 

Thus p o n{ivki) is equal to Wki{l)p and hence p induces a morphism rx ■ X (g^ 
A^X. 

For the reverse morphism, we have 

X ^ 0X(gy(gy* = 0F(gX(gy* ^0X(gF(y)(gy*, 

V V V 

where the first morphism is given by 



0Ewt^ 



V i 
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Now the composition X ^ X ^ A X is equal to 
whereas X(g)A— >X— >X(g)Ais given by 

Thus rx ■ X (g)^ A —> X is an isomorphism of A- A bimodules. 

Remark . If wc use the perturbed trivialization by a G Aut(A) for the A- A action 
on A, then A, fj, and p are perturbed into A(a (8) 1), {o>~^ ® and p(l (g) a) 
respectively. 

In particular, if Tis a C*-tensor category, we obtain unitary constraints by taking 
a = {^/d{V)lv^}v, i-e., they are associated to the pairing (copairing) 

i 

5. Triangle Identities 

We shall now check the triangle identity for {Ix, rx}, i.e., given ^-modules X^^ 
and ^Y, the idempotent G End{X ® Y) equalizes p®l and 1 (g) A as 

X ®A(g)Y !^ X ®Y X^Y. 

By the formula 

U,i 

we need to consider the composition of 

X ^F{V)^V* ^Y > V (^X ^V* ®Y > X^Y 



X (^F{V)i»V* <8Y > X(^V*i^Y(^V > X<»Y 

with 

XY e,,,XF{W*)F{W)Y > e^W^XYW XY 

By the associativity of trivialization, we are faced to compare 

(1) 

XF{V)Y > XF{V)F{W*)F{W)Y > ^y^,VW*XYW yXY 

and 
(2) 

XF{V)Y > XF{U)F{U*)F{V)Y > ^^UXYU*V XYV 

with the identification V <Si X igiY = X igiY igiV. 
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To this end, we choose the diagram 



F{V) 



(5F((7)«lgll 



F{U) ^ F{U*) ^ F{V) 



®^F{V)(g>F{W*)(E>F{W) 



®u,wnU)' 



U 

vw* 



)F{W) 



so that it is ommutative, where the right vertical arrow is given by an irreducible 
decomposition {f{U) - > F{V) ® F{W*) - > F{U)} ^^'^ bottom line 

by an irreducible decomposition {f{W) - > F{U*) (8) F{V) - > F{W)}- 

The diagram is commutative if S and T are related so that 

with T the Probenius transform of T. In fact, the relation ensures the identity 

Sw) = Su* (8) ly. 



By sandwiching the above diagram hy X ® ■ (E)Y and then applying trivialization 
isomorphisms, we obtain the commutative diagram 



XF{V)Y 



^^XF{V)F{W*)F{W)Y 



VW*XYW 



e^^^XF{U) 



U 
VW* 



u 
vw* 



F{W)Y 



YW 



eu,wXF{U) 



U 
VW* 



u 
vw* 



F{W)Y 



YW 



^uXF{U)F{U*V)Y 



^^UXYU*V 



where the upper route is exactly the morphism (1). 
To identify the lower route, we inspect the morphism 



®^VW*W 



u 

VW* 



w 



®uUU*V 



as 



^((Tuj)*, -u w*)Tui w 
^T*{v^w*)(EiSw 



XYV, 



V 
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The last summation is computed with the help of the relation 
d{U){eu ^ 1)(T* ^S)^J2 diW){eu ® ^ f) 

U,T 

= d{W)Y(l Cx) 5w){TT* (8> Iw) 
= d{W)lv<S'Sw 

to get {w*,w)v, which is equal to 

^(uii, w* (g) w)v. 

U,i 

Thus the bottom route turns out to be the composition 



XF{V)Y 



VXY 



^^VXF{W*)F{W)Y 



®^VW*XYW 



E wkk 



VXY, 



showing the equality of the morphisms (1), (2). 
As a summary, we conclude here the following. 

Proposition 5.1. Given a semisimple tensor category T, we have constructed the 
semisimple bicategory M{T) ofbimodules indexed by Tannaka duals of finite-dimensional 
semisimple Hopf algebras realized in T. More precisely, given a family {lua} of 
weights indexed by Hopf algebras realized inside T, the pair {^OAlx^'jJBrx) with 
X = j[X^ gives unit constraints. 

Remark . Given a Tannaka dual ^ in 7^ it is not obvious, at first glance, how big 
is the tensor category j^-MCTj^^ of A- A bimodules. 

It turn out in § 7 to bo large enough to recover the initial tensor category 
because Tis realized as the tensor category of B-B bimodules in ^A^(T)^ with the 
Tannaka dual B of the dual Hopf algebra A* being imbedded into ^^.{1)^ (see 
Theorem 7.5). 

Lemma 5.2. Let A be a finite- dimensional semisimple Hopf algebra with A the 
tensor category of finite- dimensional A-modules. Given an imbedding F : A ^ T 
of A into a semisimple tensor category T, let A = 0y F{V) (8> V* be the associated 
object. Then both of and are irreducible as A-modules. 

Proof. Let 



00^. e06(l/*) = End(A) 



belong to End(_^A), i.e. 



F{U)(g>A 



F{U) A 



A^U 



A®U 



for any U. The commutativity is then equivalent to 



®v,wF{W) 



®v,wF{W) ' 



■ W ' 
uv 



w 
uv 



'V* 



V* 
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Removing the F{W) factor, we have 

V* 

w*u 



V* 



V* 

w*u 



w*®u 



w*®u 



for any [/, V and W , which means the equality 

for any T -.V* ^W* ®U. 

If we take V = <C and U = W with T = 6w, then the condition is reduced to 

k k 

which is equivalent to ^^Wfe = (pW'Wl for any k, i.e., (pw = (/^C^w for any W. 
Thus, it is proportional to the identity morphism 1^^. □ 

Remark . The triangle identities are satisfied for perturbed A-A actions on A as 
well. Particularly, when Tis a C*-tensor category, the imitary constraints for the 

choice 9 = {^d{V)lv* } of perturbation satisfy the triangle identity and hence give 
rise to unit objects, i.e., A^(T) is a C*-bicategory. 

Finally we record here that, other than the perturbation for actions, there re- 
mains somewhat trivial freedom for the choice of unit constraints: given a family 
{waItI of non-zero scalars, the unit constarints Ix ■ 0^ Xjg —>■ j[Xj^ and 
Tx '■ j^X A^B ^"^^ modified by multiplying lva and ub respectively. 

6. Rigidity 

Let j\Xjr^ be an A-B module in Tand suppose that X admits a dual object X* 
with a rigidity pair ex '■ X ® X* I, Sx ■ I ^ X* X. On the image of ^ in 7^ 
we have the natural choice of dual objects (and rigidity pairs) , which enables us to 
define rigidity pairs such as ep(^v)x = £F{v){^'^^x'^i), Sf{v)x = (l<8)<5F(y)®l)<^x- 
Note here that the rigidity for satisfies the Frobenius duality and we can freely 

use the relation such as F{V)** = F{V) while we should be careful when the object 
X is involved because there is no privileged identification. 

Now, by applying the operation of taking transposed morphisms, we make X* 
into a B-A module: the trivializing isomorphism G(W)(E)X* ^F{V) V(g)X*(g)W 
is defined to be the transposed morphism of the isomorphism (p : W* (g) X (g) V* —>■ 
F{V*)(E>X (E>G{W*): 

{Ivx'W <S) eF(v-')XG(w*))(f'{Sw''XV* €5 1g(w)x->f(v*))- 



Lemma 6.1. We have the commutative diagrams 
X(g)X*^F{V) > X^V^X* G(W)(SX* 



F{V) 



F{V)^X(g)X* 



105 

G{W) 



X* 



W(g)X 



X* (g) X (g) G(W) 
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Proof. The composite morphismX0X*(8)F(y) ->■ X'S)V'S)X* F{V)(g)X(giX* 
F{V) is given by 

where the hook identity is used to get the expression 

Now we apply the associativity of ip, ipv^v = {^v 1)(1 (S) Vy*), to obtain 
{1f{v) <^ eF(y)x)(^F(y) ® 1xx*f(v)) = ex <8) 



□ 



Corollary 6.2. The following diagrams commute 

x®x* > x®v ®v* ®x* 



X (8) y* F o X* 



V* ®X®X* ®F{V) 



F{V)®X®X*®V* 

1 

V* (8) = F{V) (8) y* 



W* ® G{W) = G(W^) (g) W* 



VF* O X* (8) X O 
Define the morphism 



G{W)<®X*®X®W* 



X* <»w* ®w ®x 



X* ®W ®W* (^X 



x*®x 



e : X X* ^ A = F{V) ® V* 

V 

by the weighted summation of the above morphisms over \y\ with weight dimF. 
Similarly we introduce the morphism 

(5 : B = G{W) ®W* ^ X* ®X 
w 

by taking the summation on \W] without weights. 

Lemma 6.3. The morphism e : X (8 X* — > A is A- A linear, whereas 5 : B — > 
X* (g) X is B-B linear. 

Proof. Consider the commutativity of the diagram 

F(J7) O X (8 X* > F{U)®A 



X (8 X* [/ 



A®U 
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The composite morphism F{U) (g) X (g) X* — > F{U) (g) A ^ A (g) [/ is given by 
F(?7) (g) X (g) X* ^ F([/) ® X ® T/ (g (g) X* 

V 

F{U) (g) F{V) X (g) X* (g y* 

V 

^^F{U)<^F{V)(^V* 



0F(VF) 



v,w 



W 

uv 



V* 



^0F(VF)(gVF*(g)C/. 

w 

By the naturahty of the triviahzation F{-) (g X — » X (g (•), this composition can 
be described by 

F{U) (gX(gX*^X(gJ7(gX* 

^ ^X(g)U(g)V(g)V*(g)X* 



0X(g W( 



T4^ 
UV 



® y* (g X* 



0X(g)VF*(gJ7(gX* 

F{W) ® X (E) X* (^W* (E)U 
w 

F(W^) (g) VF* (g Z7, 



whence the problem is reduced to showing 



W 
UV 



V* 



The commutativity of this diagram is then a routine work of Frobenius trans- 
forms: The longer circuit is given by 



u H-> d{V)u (g Vj (g V* 



v,j 



d{V){iTwk)*,u(g>vj)Twk^v* 



T.yv,k 



. d{V){wl,T*{u ® Vj))wk ® Tv* 
Y,d{V)T*{u<»Vj)<»fv*. 
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By replacing the summation indices T and T* by their Probenius transforms 
S :U* iSiW and S* :V ^U* ^W, we have 

^ d{V){T* ® f){lu <»6v) = Y^ d{V){eu lw){lu S*S IwuX^u Swu) 



T,V 



s,v 



= d{W){eu ® lw){^u <S) 6w'u) 
= d{W)6w' «) 1(7, 

which is used to get 

J2 d{V)T*{u ^Vj)^ Tv* = d{W)wk O Wfc O m. 

W,k 

A bit of care is needed for the right action: 

X (E) X* (g) F{U) > A(E)F{U) 



Ut^Xt^X* 



f/(8> A 



By using the previous lemma, the composite morphism X (g) X* (g) F{U) 
F{U) -^U ® K\s given by 

X®X*® F{U) ^^X®V* ®V®X* ® F{U) 

V 

^^V*®X®X*® FiV) ® F{U) 

V 

^^V* ^F{V)^F{U) 

V 

v,w 

^^U^W* ®F{W). 



W 

vu 



w 



By the naturality of trivialization, this is equal to 
X (g) X* (8> F{U) -^X^U^X* 



W 
VU 



X* 



X (g) y* (g) 

^X (SU (SW* (giW (g> X* 
w 

0C/(gVF*(g)X(gX*(g> F{W) 

w 

(E)W* (E)F{W). 



w 
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If we compare this with the other composite morphism 
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w 

^0C/<8)VF*i8)X(g)X*(g) F{W) 
w 

^^U<^W* <»F{W), 



w 



then the problem is reduced to the commutativity of 



U 



W 

vu 



which is now easily checked as before. 

A similar computation works for the B-B linearity. For example, the commuta- 
tivity of 



G{W) 



M(E)W 



G{W) <S) X* X 

1 

X*(g)X(E)W 



is reduced to that of 



W(g>V(g>V* 



w 



u 

wv 



V* 



which holds if we define the morphism B — > X* (g) X without weights. 



□ 



Lemma 6.4. The morphisms e: X ® X* — > A and i5 : B ^ X* (g) X are supported 
by eg and e^ respectively. 



YAMAGAMI SHIGERU 



Proof. We shall check eo — e. By the commutativity of left and right actions 
on X, we see that the composition e o '^{wkk) is given by 

V 

^^F{V)®X®X*®V* 

V 

V 

F{V) (i)W* ®X®X* ® W\otimesV* 

V 



V 

ex 



V 



0F(y)®y*. 



V 



Prom the definition of G{W) (g) X* ^ X* O G{W), the morphism 

X®X* ^'^'^°('^>^^ X (g) G(T4^)* O O X* ^ W* ®X<^X* ®W -^^^ 7 

is equal to d{W)ex- Since T^iwkk) = c?(Ty)(l (g) e^^. (g 1), we obtain the relation 

k 

and hence e o = e by taking the summation over the set {[VF]}- □ 
We shall now compute 

X X®gB X®QX*®ji^X K®j^X X. 

As e, 5 and (A, p) are supported by or eg, the problem is equivalent to consider 

X X0B Xcx)X*®X A^X X. 

From definition, the composition X ^ X ®K ^ X ® X* ® X is given by 

X 0W*(gH^(gX^0X(gW*® G{W) ^0X(gW^*(gX*(gX(g G{W) 

WW w 



— '^X®W* (^X* (i)W (i)X ^ X®X* (^X, 
w 

where weight = d{W)uj^^ dim(S)~^. By Lemma 6.1, this is equivalent to 

X ^^"^ 0W*0VF(gX^0VF*(gX(g G{W) ^ T4^* (g X (g G{W) (g X* (g X 

WW w 
— >0M/'*(gX(gX*(gVF(gX^X(gX*(gX. 



w 

Similarly, the composition X (g X* 0X— >A0X— >Xis given by 

weight 



xx*x "^-^ 0xy*yx*x ^^xv*x*F{v)x 

V V 

— > XV*X*XV XX* X X 
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with weight = d(V)ujA- 

Note here that by the commutativity V = V <E) T, the position of vector 
spaces such as V can be freely moved left and right, which is pictorially reflected 
in crossing lines (cf. Fig). 

Now, combining these two expressions and then applying the definition of the 
triviahzation isomorphisms G{W)X* X*W, VX* X*F(y), we have the 
morphism 

X W*WX W*XG{W) W*F{V)F{V)*XG{W) 

F{V)W*XV*G{W) F{V)XG{W*)V*G{W) XVV*G{WyG{W) ^ X, 

which is summed over [V] and [W] with the weight d{V)d{W)LUA/^^B dim(A) mul- 
tiplied (Fig. H). By the commutativity of left and right actions, we can replace the 
part F{V)*WX XV*G{W) with 

WF{V*)X -> WXV* XG{W)V* 

to get the expression (Fig. ||) 

X -> F{V)W*WF{vyx F{V)W*WXV* F{V)W*XG{W)V* 
F{V)XG{W*)G{W)V* XVG{W)*G{W)V* X. 
By the associativity of the right action on X, the last local morphism is reduced 

to 

X F{V)F{VyX F{V)XV* XVV* X 

multiplied by d{W), which is further reduced to d{V)d{W)lx by the associativity 
of the left action on X. 

In total, the morphism X XX*X — > X in question amounts to the scalar 
multiple of Ix by 

^d(XlW^^,,^(^)^. 

^-^ dimS COB 

v,w 

Similarly, we compute the composition 

X* '^'^ i M®X* X*®X®X* ) X*®K "'^ i X* 

and see that its is a scalar multiple of Ix* by the same scalar. 

Proposition 6.5. Let The a rigid semisimple tensor category. Then the bicategory 
A4{'T) is rigid as well. More precisely, if the unit constraints are specified by a 
function {to a} A indexed by finite- dimensional Hopf algebras realized inside T, then 
a rigidity pair for an A-B module X is given by (e, C(5) with c = diTa{A)LUA/iOB, 
where e and S are defined above. 

If the tensor category Tis furnished with a Frobenius duality {ex '■ X^X* 1} 
(the conjugation being assumed to be strict, which particularly means (X Y)* — 
Y* (g) X* and X** — X), it is natural to use the following normalization for the 
trivializing isomorphisms of the unit object A: Let the action be renormalized by 
the gauge 9 = {^yd{V)lv■' }■ The morphisms e : X (g) X* ^ A and S -.M ^ X* (g) X 
are changed into the ones associated to the pairing 



V (E)V* 3 V (giV* y^d{V){v, V*) 



W* W X X* X 




X V* X* X V 
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X :V 



Figure 2. 
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W* W X 




F{V) F{vr X G{W) 




X V 



G{W) 




F{v) w* w F{vy X 




W X V* 




W* X G{W) 




F{V) X G{Wy G{W) 




X V 



V* 



or its dualized copairing 



Figure 3. 



Proposition 6.6. Suppose that the semisimple tensor category T is furnished with 
a Frobenius duality {ex} and let the unit constraint A ^ X ^ X be renormalized 
by the factor uja = \A\~^/^ for each A with \A\ = dimA. Then the remormalized 
family {|A|~^/^|B|~^/*e} gives a Frobenius duality in the bicategory ^{1). 



Corollary 6.7 (Dimension Formula). For an A-B module j(Xg, its dimension is 
calculated by 

dim(X) 

= |^|i/2|g|i/2 - 

Here dim(X) denotes the dimension of X as an object of T. 
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7. Duality for Orbifolds on Tensor Categories 

Let H be an ofF-diagonal object in a rigid semisimple bicategory and assume 
that H satisfies the condition 

H<»H*(g,H^H®---(S)H. 

Given an object H of this type, we can associate a Hopf algebra B so that its 
Tannaka dual B is isomorphic to the tensor category generated by H* ® H ([^ 
Appendix C]). More explicitly, for each object X in {H* ^ iJ)" with n a positive 
integer, we can construct the monoidal functor X E{X), where E{X) denotes a 
finite-dimensional vector space defined by 

E{X) =llom{H,H (x)X) 

and the multiplicativity isomorphism E{X) (g) E{Y) E{X eg) Y) is given by 

E{X) ® E{Y) 3x^y^ {x(E) ly)?/ £ E{X ® Y). 

Example 7.1. Consider the Tannaka dual ^ of a finite-dimensional Hopf algebra 
A realized in a semisimple tensor category Tand let A be the associated unit object 
for A-A modules. 

Then the right ^-module H = satisfies the above condition. In fact, we have 
iJ iJ* = A = ® F{V) 

V 

and therefore 

F{V) ® A_4 ® F = ® y ® A_4 

V V V 

is isomorphic to a direct sum of 's. 

Moreover we can identify the associated Hopf algebra with A: Given an object 
V in A, the vector space E{F{V)) = llom{H,F{V) ® H) is naturally isomorphic 
to V by the trivialization isomorphism F{V) ® H H ®V and the simplicity of 
Flj^. Moreover, wc have the commutative diagram 

v®w = v®w 



E{F{V))®E{F{W)) > E{F{V ®W)) 

and the monoidal functor E is equivalent to the identity functor in A. Thus the 
associated Hopf algebra is naturally isomorphic to A, whereas the object H* ® H 
generates the tensor category isomorphic to the Tannaka dual of the dual Hopf 
algebra B = A* . 

Proposition 7.2. The construction of Hopf algebras from objects of absorbing 
property is universal, i.e., any finite- dimensional semisimple Hopf algebra arises 
this way. 

Returning to the initial case of this section, the obvious identification 

H®X -> E{X)®H 
can be interpreted as giving a right action of B on H. 
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Consider the composite isomorphism 

H* ^ H ^ X (g)Roin{X, H* ® H) ^ X (E) E{X*) =M. 

X X 

We shall show that this isomorphism is B-B linear, i.e., the commutativity of 

X®H*®H®Y y X®B®Y 

E{Y)®M®E{X) 



H* ® E{X) ® E{Y) ® H - 

or equivalently, by applying the functor Hom(Z, •) with Z a simple object, we have 
the commutative diagram of vector spaces. For simplicity, letting X = I (the letter 
X will be used as a dummy index), the relevant isomorphisms are given by 



Z 

H*HY 



X 




■ Z ' 


H*H 


(8) 


XY 



X 



H 




■ X* ' 


HX* 


(8) 


YZ* 



' H ■ 




Z 




■ H ' 




H 




H 


HY 




H*H 




HY 


(8> 


HZ* 




HYZ* 



H 




■ ^* - 


HX* 




YZ* 



To check the commutativity, let us start with a vector x®T & 
The upper horizontal line is then described as 

{x ® l)f v^x®f\-^x®T, 
while the right and the left vertical lines are presented by a: (8) T i— > (1 (g) T)x and 

{x ® l)f ^ Y.'^zl^'^ ®y*j),{x® i)T)yj ® Zk 

with {yj,yj} and {zk, z"^} in the duality relation {y*yj = Ih and z^Zfc — Iz partio 
ularly). Finally the bottom line is given by 

Cjkyj ^zk>-^^ Cjkyj O ?fe ^ ^ Cjk{yj <8) i)zk- 

jk j,k j,k 

To identify the last summation with (1 T)x, we rewrite Cjk as follows: 
d{Z)cjk = ez{zl 1)(1 (g) 1)(S(8) l)(f (8) 

= ez{zl 1)(1 y* 1)(1 ex* ® 1)(1 a; f 1){5h O 5z') 
= eij.(l 4)(1 y* 1)(1 ex' 1)(1 a; f 1)(1 5z')5h, 
which yields the relation 

^jljcjfclH = <8> 1)(1 O ex. f 

Now this formula is used to get 

d{H) 
d{Z) 



X] Cjfc-2fe = X] Cjfc^fclj? = X 'd[^^''^*''^y*i (8 1)(1 ex. T 1)(1h (5z.). 

fe k 

From the relation 



k 



{zlzk) = ez{zl l){zk 1)5 z' = d{Z), 
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we see that z'^Zk = d{Z)/d{H)lH and hence 



d{H) 



-z,. 



Feeding this back into the above summation, we have 

k 

and then 

^ Cjk{yi (81 l)zk = Y,{yjyj O 1)(1 (8> ex* O l)(a; f 1){1h (8> Sz-) 

j,k 3 

= (1 (g) ex- (8) ®f® 1){Ih ® Sz-) 
= (l(8)T)x. 

Lemma 7.3. We have 

Proof. We have just checked the former relation. By Frobenius reciprocity, this 
imphes 

dimEnd(iJ ®sH'*)= dimEnd(g/f* ® H^) = 1 
and hence H 0g H* = 7 by semisimplicity. □ 

Since bimodules with the similar property are referred to as imprimitivity bi- 
modules in connection with Mackey's imprimitivity theorem on induced represen- 
tations, we call an object M in a rigid bicategory an imprimitivity object if both 
of M (8> M* and M* (g) M are isomorphic to unit objects. In a tensor category, this 
is nothing but saying that M iw an invertible object. 

The following observation, though obvious, is the essence of duality for orbifold 
constructions. 

Lemma 7.4. Let 

T M 

M* S 

he a rigid, semAsimple bicategory and M be an imprimitivity object in M. 
Then two tensor categories S and T are isomorphic. More precisely, 

X^M(giX®M*, Y ^ M* (giY (giM 

gives the monoidal equivalence between S and T. 

Given a monoidal imbedding F : A ^ Tot the Tannaka dual A of a finite- 
dimensional scmisimplc! Hopf algebra A into a rigid semisimple tensor category T, 
let H = Aj^ be an off-diagonal object in the bicategory 

( ^A 
\A^ A^A- 

Here M.j^ denotes the category of right >l-modules in Tand similarly for others. 

Then H meets the absorbing property and the tensor subcategory of j{M.j{ 
generated by H* ®H = j^K ® kj^ is isomorphic to the Tannaka dual B of the dual 
Hopf algebra of A. Let G : B ^ A-^A accompanied monoidal imbedding. 



TANNAKA DUALS 
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Recall here that the Tannaka dual ^ of A is the one associated to H ^ H* as seen 
in the above example. 

Thus we can talk about S-modules in M: Let (resp. gM) be the category 
of right (resp. left) B-modules in Mj[ (resp. j[M.) and gM.j^ be the category of 
B-B bimodulcs in Then these, together with the starting tensor category 

% form a bicategory 

( T Ms] 

Thanks to the previous discussions, the object H = in Mj( admits a structure 

of right B-modulc, which gives rise to an imprimitivity object Mg in M.^- Then 
the above lemma shows that the tensor category ^Mq is isomorphic to the original 
tensor category. 

To get the meaning of this, we first introduce the notation Txi p -A. for the tensor 
category which is interpreted as the crossed product of Tby F. Then the 

monoidal imbedding G : B ^ Txi p -A. describes the dual symmetry in Tx p -A. and 
we can construct the second crossed product (Tx p A) x g B. 

Theorem 7.5. With the notation described above, we have the duality for crossed 
products: the second crossed product tensor category (Tx p A) ><iG ^ is canonically 
isomorphic to the original tensor category T 
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